We construct C 2 n -equivariant Real oriented models of Lubin-Tate spectra E h at heights h = 2 n−1 m. We give explicit formulas of the C 2 n -action on their coefficient rings. Our construction utilizes equivariant formal group laws associated with the norms of the Real bordism theory M U R .
The spectrum M U R is at the roots of the techniques used in Hill, Hopkins and Ravenel's solution to the Kervaire invariant one problem [HHR16] . Since the appearance of these results, there has been an incredible amount of development in equivariant stable homotopy theory.
The techniques of Hill-Hopkins-Ravenel are intimately tied to a subfield of homotopy theory called chromatic homotopy theory. Chromatic homotopy theory is a powerful tool which studies periodic phenomena in stable homotopy theory by analyzing the algebraic geometry of smooth one-parameter formal groups. More precisely, the moduli stack of formal groups has a stratification by height h ≥ 0, which corresponds in the stable homotopy category to localizations with respect to generalizations of the complex K-theory spectrum. These are the Lubin-Tate theories E h , also often called the Morava E-theories.
As the height increases, this stratification carries increasingly more information about the stable homotopy category, but also becomes harder to understand. Therefore, it is crucial to study higher structures of these spectra, for example, the associated cohomology operations. At all heights h, there is a group of cohomology operations generalizing the stable Adams operations on p-completed K-theory. This group is called the Morava stabilizer group G h .
In this paper, we focus our attention at the prime p = 2 and study the height of spectra obtained from the Hill-Hopkins-Ravenel norms of M U R . Using this, we construct equivariant Real oriented models of Lubin-Tate spectra E h with explicit formulas for the actions of finite subgroups of G h on their coefficient rings. This is the input needed to determine the E 2 -pages of the corresponding homotopy fixed points spectral sequences, which in turn compute the homotopy groups of higher real K-theory spectra. These are periodic spectra that generalize of the real Ktheory spectrum KO. The connection between our Lubin-Tate theories and M U R also provides information about differentials in the homotopy fixed points spectral sequences.
Periodic spectra such as these higher real K-theories play a central role in modern detection theorems. These are results about families in the stable homotopy groups of spheres obtained by studying the Hurewicz homomorphisms of such periodic spectra [Rav78, HHR16, LSWX19].
1.2. Statement of Main Results. Before stating our result, we recall some facts about Lubin-Tate theories. Let (k, Γ h ) be the pair consisting of a perfect field k of characteristic 2 and a fixed height-h formal group law Γ h defined over k. Lubin and Tate [LT66] showed that the pair (k, Γ h ) admits a universal deformation F h defined over a complete local ring with residue field 2. This ring is abstractly isomorphic to
Here, W (k) is the 2-typical Witt vectors of k, |u i | = 0, and |u| = 2.
The Morava stabilizer group G(k, Γ h ) is the group of automorphisms of (k, Γ h ) (Definition 2.13). By the universality of the deformation (E(k, Γ h ) * , F h ) and naturality, there is an action of G(k, Γ h ) on E(k, Γ h ) * .
The group G(k, Γ h ) always contains a subgroup of order two, corresponding to the automorphisms [−1] Γ h (x) of Γ h . This C 2 subgroup is central in G(k, Γ h ). Hewett [Hew95] showed that if h = 2 n−1 m, then there is a subgroup of the Morava stabilizer group isomorphic to C 2 n that contains this central C 2 subgroup. Furthermore, if m is odd, then this C 2 n -subgroup is a maximal finite 2-subgroup in G(k, Γ h ). See also [Buj12] .
The formal group law F h is characterized by a map
which is Landweber exact ([Rez98, Section 5]). A Lubin-Tate spectrum E(k, Γ h ) is a complex oriented ring spectrum with π * E(k, Γ h ) = E(k, Γ h ) * whose formal group law is F h . Topologically, the action of G(k, Γ h ) on E(k, Γ h ) * can be lifted as well. The Goerss-Hopkins-Miller theorem [Rez98, GH04] shows that E(k, Γ h ) is a complex orientable E ∞ -ring spectrum with a continuous action of G(k, Γ h ) by maps of E ∞ -ring spectra which refines the action of G(k, Γ h ) on π * E(k, Γ h ). Now, let G be a finite subgroup of G(k, Γ h ). Classically, the homotopy fixed points spectrum E(k, Γ h ) hG is computed by using the homotopy fixed points spectral sequence. However, at height h > 2 (and p = 2), the spectrum E(k, Γ h ) hG is very difficult to compute: given an arbitrary Lubin-Tate spectrum E(k, Γ h ), a general formula describing the action of G on π * E(k, Γ h ) is not known. As a result of this, it is hard to compute the E 2 -page of its homotopy fixed points spectral sequence. Even worse, the G-action on the spectrum E(k, Γ h ) is constructed purely from obstruction theory [Rez98, GH04] , so there is no systematic method to compute differentials in the homotopy fixed points spectral sequence.
The key idea of our paper, which arises in [HSWX18, BBHS19] , is to construct models of Lubin-Tate spectra as equivariant spectra with explicit group actions. Our construction presents π * E(k, Γ h ) explicitly as an C 2 n -algebra. As a result, our construction renders the spectra E(k, Γ h ) hC 2 n accessible to computations via equivariant techniques developed by Hill, Hopkins, and Ravenel [HHR16] .
Before stating our main results, we establish some notation:
Notation. Throughout this paper, we fix m ≥ 1 and n ≥ 1. We let h = 2 n−1 m q = 2 m − 1.
The cyclic group of order 2 n generated by γ n is denoted by C 2 n = γ n . For n ≥ 2, the group C 2 n contains a unique subgroup of order 2 n−1 , generated by the element γ n−1 := γ 2 n . The notation C 2 n · x represents the set C 2 n · x := {x, γ n x, γ 2 n x, γ 3 n x, . . . , γ 2 n−1 −1 n x} with 2 n−1 elements whose degrees are all equal to |x|. We let k denote a perfect field of characteristic 2 and k × [q] ⊆ k × be the subgroup of q-torsion elements. This is the subgroup of elements ζ ∈ k × so that ζ q = 1. We let Gal := Gal(k/F 2 ) and C(k, m) := Gal ⋉ k × [q] where the action of Gal on k × [q] is the natural action of the Galois group. Let G(k, m) denote the group G(k, m) := C 2 n × (Gal ⋉ k × [q]).
If G(k, m) acts on a ring R and g ∈ G(k, m), we let f g : R −→ R denote the ring automorphism that specifies the action of g on R.
Theorem 1.1.
(1) There exists a height-h formal group law Γ h defined over F 2 such that for any perfect field k of characteristic 2, there is a Lubin-Tate theory E(k, Γ h ), functorial in k, with homotopy groups
The ideal m is given by
and 1 ≤ i ≤ m−1. All together, these three actions combine to give an action of G(k, m) on π * E(k, Γ h ).
As consequence of Theorem 1.1, we obtain a presentation of π * E(k, Γ h ) which makes the G(k, m)-action on π 0 E(k, Γ h ) explicit.
Theorem 1.2. Let E(k, Γ h ) be as in Theorem 1.1. There are elements in π 0 E(k, Γ h )
The C 2 n -action on π * E(k, Γ h ) is determined by the formula
(3) For 1 ≤ r ≤ 2 n−1 − 1,
The group Gal(k/F 2 ) acts on π * E(k, Γ h ) via its action on the coefficients W (k), and the action of ζ ∈ k × [q] fixes τ m and is determined by
All together, these three actions combine to describe the action of G(k, m) on π * E(k, Γ h ).
To prove Theorems 1.1 and 1.2, we use equivariant spectra that are constructed by Hill, Hopkins, and Ravenel in their solution of the Kervaire invariant one problem [HHR16] . To motivate our proofs and to give precise statements of our next result, we recall these equivariant spectra and introduce some notations that are associated with these spectra.
A key construction in Hill-Hopkins-Ravenel's proof of the Kervaire invariant one problem is the detecting spectrum Ω, which detects all the Kervaire invariant elements in the sense that if θ j ∈ π 2 j+1 −2 S 0 is an element of Kervaire invariant 1, then the Hurewicz image of θ j under the map π * S 0 −→ π * Ω is nonzero (see also [Mil11, HHR10, HHR11] for surveys on the result).
The detecting spectrum Ω is constructed using equivariant homotopy theory as the fixed points of a C 8 -spectrum Ω O , which in turn is a chromatic-type localization of M U ((C8)) := N C8 C2 M U R . Here, N C8 C2 (−) is the Hill-Hopkins-Ravenel norm functor. Let BP R be the Real Brown-Peterson spectrum, obtained from the Real cobordism spectrum M U R by the Quillen idempotent (see [HK01, Theorem 2.33] and [Ara79, Theorem 7.14]). Let F be the universal 2-typical formal group law over π e * BP R = π * BP . Let BP ((C 2 n )) := N C 2 n C2 BP R , and let R n := π e * BP ((C 2 n )) . The maps
which are equivariant with respect to the C 2 n−1 -action. The formal group law F , which is originally defined over R 1 , can also be viewed as a formal group law over R n for each n ≥ 1 via the ring inclusions R 1 ֒→ R n . In fact, we can use the formal group law F to specify generators for R n as follows. For every n, there is a canonical strict isomorphism
where F γn is the formal group law obtained from F by applying the automorphism f γn of R n to the coefficients of F . Since the formal group laws are 2-typical, the strict isomorphism ψ γn admits the form
where t C 2 n i ∈ π e 2(2 i −1) BP ((C 2 n )) for all i ≥ 1. It follows from [HHR16, Section 5.4] that the elements t C 2 n i , i ≥ 1 form a set of C 2 n -algebra generators for R n . More precisely, as a C 2 n -algebra,
The C 2 n -action on the generators t C 2 n i are specified by the formula
Using the inclusions (1.1), we may view the generators C 2 r · t C 2 r i of R r as elements of R n for every r ≤ n.
The underlying spectra of M U ((C 2 n )) and BP ((C 2 n )) are smash products of 2 n−1copies of M U and BP respectively. As as result of [HHR16, Proposition 11.28], C 2 n -equivariant maps from the underlying homotopy of M U ((C 2 n )) (resp. BP ((C 2 n )) ) to a graded C 2 n -equivariant commutative ring R are in bijection with formal group laws (resp. 2-typical formal group laws) F over R that are equipped with strict isomorphisms
with ψ γ i+1 n = (γ i n ) * ψ γn such that the composition of all the ψ γ i+1 n 's is the formal inversion on F .
Associated to the universal deformation (E(k, Γ h ) * , F h ) and the action of the generator γ n ∈ C 2 n , there is a C 2 n -equivariant map π e * BP ((C 2 n )) −→ E(k, Γ h ) * . As is customary, let v i ∈ π 2(2 i −1) BP be the Araki generators, so that
Recall that a 2-typical formal group law H over a Z (2) -algebra S is classified by a map
The main result of this paper arises from an observation of Hill-Hopkins-Ravenel [HHR16] that the formal group law F over π e * BP ((C8)) should be of height h = 4 after inverting some carefully chosen element D ([HHR16, Section 11.2]). In practice, choosing an appropriate element D appears to become tedious when m in h = 2 n−1 m is large. This is not hard when n = 2 and m = 1 [HHR17, (9.3)], but already becomes tricky when n = 2 and m = 2 [HSWX18, Theorem 1.1].
One reason that this is difficult is that the image of the v i 's in π e * BP ((C 2 n )) are given by intricate formulas in terms of the generators t C 2 n i . One contribution of this paper, which is Theorem 3.1, is to give these formulas in terms of explicit, clean recursive relations.
As discussed earlier, by the Goerss-Hopkins-Miller theorem [Rez98, GH04], E(k, Γ h ) is a complex orientable E ∞ -ring spectrum with a continuous action of G(k, Γ h ) by maps of E ∞ -ring spectra which refines the action of G(k, Γ h ) on π * E(k, Γ h ). In other words, for any G ⊆ G(k, Γ h ), we may view E(k, Γ h ) as a commutative ring object in naive G-spectra.
The functor X −→ F (EG + , X) takes naive equivalences to genuine equivariant equivalences, and hence allows us to view E(k, Γ h ) as a genuine G-equivariant spectrum. The commutative ring spectrum structure on E(k, Γ h ) gives an action of a trivial E ∞ -operad on the spectrum F (EG + , E(k, Γ h )). Work of Blumberg-Hill [BH15] shows that this is sufficient to ensure that F (EG + , E(k, Γ h )) is actually a genuine equivariant commutative ring spectrum, and hence it has norm maps.
The spectrum E(k, Γ h ) has an action of G(k, m) by maps of E ∞ -ring spectra that refines the G(k, m)-action on π * E(k, Γ h ) described in Theorem 1.1 and Theorem 1.2. By passing to the cofree localization F (EC 2 n + , E(k, Γ h )), we may view E(k, Γ h ) as a commutative C 2 n -spectrum.
Recent work of Hahn-Shi [HS17] establishes the first known connection between the obstruction-theoretic actions on Lubin-Tate theories and the geometry of complex conjugation. More specifically, there is a Real orientation for any of the E(k, Γ h ): there is a C 2 -equivariant homotopy commutative ring map
. Using the norm-forget adjunction, for any finite G ⊂ G(k, Γ h ) that contains the central C 2 -subgroup, there is a G-equivariant homotopy commutative ring map
. For our explicit forms of E(k, Γ h ), we have the following theorem. Theorem 1.3. There is a C 2 n -equivariant homotopy commutative ring map
This map factors through a homotopy commutative ring map
The C 2 n -equivariant spectra M U ((C 2 n )) and BP ((C 2 n )) are accessible to computations. To analyze the C 2 n -equivariant homotopy groups of M U ((C 2 n )) and BP ((C 2 n )) , Hill, Hopkins and Ravenel generalized the C 2 -equivariant filtration of Hu-Kriz [HK01] and Dugger [Dug05] to a G-equivariant Postnikov filtration for all finite groups G. They called this the slice filtration. Given any G-equivariant spectrum X, the slice filtration produces the slice tower {P * X}, whose associated slice spectral sequence strongly converges to the RO(G)-graded homotopy groups π G ⋆ X.
The existence of equivariant orientations renders computations that rely on the slice spectral sequence tractable. Using differentials in the slice spectral sequence of M U R and the Real orientation M U R −→ E(k, Γ h ), Hahn and Shi [HS17, Theorem 1.2] computed E(k, Γ h ) hC2 , valid for arbitrarily large heights h. Computations of [HHR16, Section 9], [HHR17] , [HSWX18] , and [BBHS19] show that there are systematic ways of obtaining differentials in the slice spectral sequences of M U ((C 2 n )) , BP ((C 2 n )) , and their localizations using techniques in equivariant homotopy theory.
of the C 2 n -equivariant orientations through D −1 M U ((C 2 n )) and D −1 BP ((C 2 n )) . Furthermore, the spectra D −1 M U ((C 2 n )) and D −1 BP ((C 2 n )) are cofree and satisfy the Hill-Hopkins-Ravenel periodicity theorem [HHR16, Theorem 9.19].
When G = C 8 and h = 4, the Hill-Hopkins-Ravenel detecting spectrum Ω is defined as the C 8 -fixed points of
is defined in [HHR16, Section 9]. Our proof of Theorem 1.4 implies that D is divisible by D HHR , and there is a factorization
1.3. Summary of the contents. We now turn to a summary of the contents of this paper. Section 2 provides the necessary background for Lubin-Tate theories and sets up a framework for studying formal group laws with actions of finite groups. We then use this framework to study formal group laws equipped with a C 2 n -action that is compatible with certain cyclic groups of orders coprime to 2 and the associated Galois groups. Our eventual application for this is to study formal group laws associated with Lubin-Tate spectra at heights h = 2 n−1 m, m ≥ 1.
In Section 3, we prove recursive formulas relating the t Cr k -generators for various values of r. The key result of this section is Theorem 3.1, which expresses t C 2 n−1 k in terms of t C 2 n i for every n ≥ 2 and k ≥ 1. These formulas will be essential for proving our main theorems.
Finally, with the necessary backgrounds and formulas in place, we prove Theorems 1.1, 1.2, and 1.3 in Section 4. Theorem 1.4 is proved in Section 5.
Formal group laws with group actions
The goal of this section is to set up a framework for formal group laws with a G-action. We then use this framework to study formal group laws equipped a C 2 n -action that is compatible with the actions of certain cyclic groups of orders coprime to 2 and the associated Galois groups.
2.1. Formal group laws with C 2 n -action. In this subsection, we carry out a discussion similar to that of [HHR16, Section 11.3]. By an even periodic graded ring R, we mean a graded commutative Z (2) -algebra R such that (1) R 2k+1 = 0 for all k ∈ Z; and (2) there exists a unit in R 2 .
Consider the category M h,per F G , whose objects are triples (R, u, F ), where (1) R is an even periodic graded ring;
(2) u ∈ R 2 is a unit; and (3) F is a homogenous formal group law of degree −2 over R. That is,
where the formal variables x and y both have degree
where f : R −→ S is a graded ring homomorphism and
is a strict isomorphism of formal group laws. Note that there is no condition on the morphism relating u and w.
Consider also the category M per F G , whose objects are triples (R, u, F ), where (1) R is an even periodic graded ring;
(2) u ∈ R 2 a unit; and (3) F is a formal group law of degree 0 over R 0 . That is,
Morphisms in this category are pairs
with f : R −→ S a homomorphism of graded rings and ψ : G −→ f * F an isomorphism of formal group laws, not necessarily strict, such that
There is an isomorphism of categories
given by
,
Next, we turn to group actions on formal group laws.
Remark 2.3. By the equivalence (2.1), an action on a homogenous formal group law in M h,per F G corresponds to an action on the associated non-homogenous object in M per F G , and vice versa. Definition 2.4. For an even periodic graded ring R, let c : R −→ R be the ring isomorphism which is multiplication by (−1) n on R 2n . We call c the involution.
Furthermore, there is an automorphism
where the unique object in the category BC 2 is mapped to (R, u, F ) and the nonidentity morphism is mapped to (c, c(x)). In other words, every object of M h,per F G comes with a natural C 2 -action.
Recall that R n = π e * BP ((C 2 n )) and we are letting F denote the image of the universal 2-typical formal group law under the left unit. Let
Proposition 2.6. Let R be an even periodic graded ring with an action of C 2 n that restricts to the involution action on C 2 . A C 2 n -equivariant graded ring homomor-
This formal group law is equipped with a C 2 n -action by maps of 2-typical formal group laws that extends the C 2 -conjugation action.
This follows from [HHR16, Proposition 11.28], adapted to the 2-typical, periodic case. In this section, we abbreviate γ = γ n for the generator of C 2 n . Let
2)) be the action induced by γ, so that
γ F is the strict isomorphism. We will sometimes abuse notation and write γ = f γ . Note that F has coefficients in BP * = R 1 ⊂ R n and ψ γ has coefficients in R n .
Compatible action by roots of unity.
Let k be a perfect field of characteristic 2 and W (k) the ring of Witt vectors over k. For a Z (2) -algebra R, let
Note that there is a unique group homomorphism
0 , which defines the Teichmuller lifts. This allows us to embed k × in R(k).
There is an action of k × on (R per
the strict isomorphism given by the identity ψ ζ (x) = x. Then the pair (f ζ , ψ ζ ) is an automorphisms of (R per 1 (k), u, F ) and this defines an action of k × on the object (R per 1 (k), u, F ) of M h,per F G . As an immediate consequence, we have:
Proposition 2.7. Let R be an even periodic graded ring with an action of a sub-
Finally, we want to extend this to an action of (R per n (k), u, F ) in a way that commutes with the C 2 n -action defined in the last subsection. Here, note that
We will define an action of C 2 n × k × on (R per n (k), u, F ). First, extend the C 2 n -action on R per n to R per n (k) linearly with respect to W (k). Since elements of C 2 n and k × commute in the product, our definition of the action f ζ must satisfy
, u, F ) by Proposition 2.7. Proposition 2.9. The formulas above give an action of C 2 n × k × on the object
x is the identity for composition of power series.
2.3. Action of the Galois group. The Galois group Gal = Gal(k/F 2 ) acts on W (k), and this gives an action of Gal on R per n (k) by acting on the coefficients. Let σ ∈ Gal be the Frobenius. The action of σ on R per n (k) is a ring isomorphism which we denote by f σ . Note that
The group Gal acts on k × via its action on k. This extends the actions of Gal and k × to an action of Gal ⋉ k × on (R per n (k), u, F ). Both the action of Gal and k × commutes with that of C 2 n , so we get an action of
. We now have the following result, which combines all of these actions:
Proposition 2.10. Let R be an even periodic graded ring with an action of G(k) which restricts to the involution on C 2 . A G(k)-equivariant ring homomorphism
by maps of 2-typical formal group laws that extends the C 2 -conjugation action.
In the next sections, we will be considering quotients of the ring R n , and the action of G(k) does not descend to these quotients. However, the action of certain subgroups of G(k) does.
Let m ≥ 1 and q = 2 m −1.
(2.6)
Proposition 2.11. The ring R per n (k) m inherits an action of G(k, m) via the quotient map
Proof. It suffices to show that the quotient map is a G(k, m)-equivariant morphism.
is also G(k, m)-equivariant.
We have that
since ζ is a qth root of unity. It follows that the ideal 
where we restrict as above to complete local rings and continuous homomorphisms.
Let K = k[ū ±1 ] be an even periodic graded ring with the property that k is a perfect field of characteristic 2 andū has degree 2. Then Gal(k/F 2 ) acts on K via its action on k. Let Γ h be a homogenous formal group law of height h = 2 n−1 m defined over K.
be the subgroup whose elements are those the pairs of the form (id, ψ). 
Remark 2.17. Note that the data (R(k, Γ h ), u, F h ) together with ι is not unique. However, it is unique up to unique ⋆-isomorphism. That is, for i = 1, 2, given two choices (R(k, Γ h ) i , u i , F h,i ) with
with the following properties.
• f is continuous, and so induces an isomorphismf on residue fields.
Some Key Formulas
Recall from Section 1 that
for all n ≥ 1. Under the inclusion map R r ֒→ R n , we can view the generators C 2 r · t C 2 r k of R r as elements of R n for every 1 ≤ r ≤ n. The goal of this section is to prove the following theorem, which gives a recursive formula relating the t C 2 r k -generators for various values of r. This formula will be essential for proving Theorem 1.1. To state the theorem, recall that the ideals I k ⊂ R n are defined as
where the elements v i ∈ π * BP = R 1 ⊂ R n are the Araki generators, so the coefficients of the 2-series of the formal group law F .
Theorem 3.1. For every n ≥ 2 and k ≥ 1,
In this section, we will also prove the equality
for all k ≥ 1. Once we have established this, Equation (3.1) will give a formula for the v k -generators in terms of the t C 2 n j -generators for all n ≥ 1. To prove Theorem 3.1, we begin by studying the relationship between the logarithms of the formal group laws F and F γn . Since R n is 2-torsion free, the formal group law F admits a logarithm. That is, there is an isomorphism
where F add (x, y) = x + y is the additive formal group law. Define ℓ i ∈ R n ⊗ Q to be the coefficients of the logarithm of F :
and the elements v i ∈ R n to be the coefficients of the 2-series of F :
Furthermore, there exists x k ∈ R n so that
Proof. Since log F is a homomorphism of formal group laws,
For k ≥ 1, comparing the coefficients of x 2 k on both sides of the equation above produces the equality
This proves the first claim.
To prove that the denominator of ℓ k in R n ⊗ Q is exactly 2 k , we use induction on k. For the base case, when k = 1, the equation above gives the equality
For the induction step, suppose that for all 1 ≤ i ≤ k − 1, we have ℓ i = 2 −i x i where x i ∈ R n and x i = 0 (mod 2). Then solving for ℓ k in the formula above gives
Then, x k ∈ R n and x k = x k−1 v 2 k−1 1 modulo 2, which, by the induction hypothesis, is non-zero. This proves the second claim.
Definition 3.3. Let L k be the R n -submodule of R n ⊗Q generated by the elements {2, ℓ 1 , . . . , ℓ k−1 }. More specifically, a generic element of L k has the form r 0 · 2 + r 1 · ℓ 1 + r 2 · ℓ 2 + · · · + r k−1 · ℓ k−1 , where r i ∈ R n for all 0 ≤ i ≤ k − 1.
More generally, for 1 ≤ r ≤ n and 0 ≤ j ≤ 2 r − 1, let γ j r L k be the R n -submodule of R n ⊗ Q generated by the elements {2, γ j r ℓ 1 , . . . , γ j r ℓ k−1 }. A generic element of γ j r L k has the from
We will first deduce an analogue of Theorem 3.1, but modulo γ n−1 L k rather than I k . We will also establish that R n ∩ γ r L k = I k for all n, k, and 1 ≤ r ≤ n, thus the relevance of the modules γ r L k . The first step for this is the following proposition.
Proposition 3.4. For every k ≥ 1,
Proof. We prove the claim by using induction on k. The base case when k = 1 is clear: an element in L 1 is of the form r 0 · 2, where r 0 ∈ R n . Therefore,
. Now, note that r 0 ·2+r 1 ·ℓ 1 +· · ·+r k−2 ·ℓ k−2 is in L k−1 . Furthermore, Equation (3.2) implies that
Since the left hand side is in R n , so is the right hand side. By the induction hypothesis, L k−1 ∩ R n = I k−1 . Therefore
and so x ∈ I k . This proves that L k ∩ R n ⊆ I k . The other inclusion is an immediate consequence of Proposition 3.2.
Next, we establish a formula which relates the t C 2 n k -generators and the ℓ kgenerators. To do this, note that the logarithm log F γn : F γn −→ F add is given by
From this, we deduce the following key formulas which will be used throughout this section.
Proposition 3.5. For every n ≥ 1,
Comparing the coefficients for x 2 k gives the equation
This proves the first equation. Applying γ n to the first equation and using the fact that γ 2 n = γ n−1 proves the second equation. Adding the first two equations together proves the third equation.
We can now relate the elements t C2 k to the coefficients v k of the 2-series of F . Proposition 3.6. For all k ≥ 1, we have the equality t C2 k ≡ v k (mod I k ). Proof. Letting n = 1 in Equation (3.4) gives the equation
Multiplying this equation by the unit (1 − 2 2 k −1 ) yields the formula
Subtracting these two formulas and rearranging terms gives
. In the following results, we establish the relationship between the R n -submodules γ r L k of R n ⊗ Q and the ideals I k = (2, v 1 , . . . , v k−1 ) of R n .
Proposition 3.7. For all n, k ≥ 1,
Proof. We will fix n and abbreviate notations by writing R = R n , γ = γ n and t i = t C 2 n i . We will prove the claim by using induction on k. The base case when k = 1 is immediate because by Equation (3.4),
Now, suppose that we have proven that
By our induction hypothesis, every term in the first sum is an element in R + L k . The second sum is also in R + L k . Therefore,
This completes the inductive step. In other words, the ideals I k ⊆ R n are invariant under the C 2 n -action.
Proof. We will again fix a specific n and write R = R n , γ = γ n and t i = t C 2 n i . First note that by Proposition 3.2 and Equation 3.4, v 1 − γv 1 = −2(ℓ 1 − γℓ 1 ) = −2t 1 ∈ I 1 .
So the claim holds when k = 1.
Assume that the claim holds for v 1 , . . . , v k−1 . We will show that v k − γv k ∈ L k . The fact that v k − γv k ∈ R will imply that it is actually in L k ∩ R, which is equal to I k by Proposition 3.4.
We use Propositions 3.2 to make the following computation:
By Proposition 3.7, for all 1 ≤ j ≤ k, ℓ j − γℓ j = r j modulo L j ⊆ L k for some r j ∈ R. Using the inductive hypothesis that
the expression above can be further reduced modulo L k to show that
Since the right-hand side is in
Corollary 3.9. For every n, k ≥ 1 and 1 ≤ r ≤ n,
Proof. Proposition 3.4 and Proposition 3.8 imply that
Proposition 3.10. For every n ≥ 2,
Proof. Equation (3.4), with n replaced by n − 1, states that
In the following steps, we use the relations in Proposition 3.5 repeatedly:
Proof of Theorem 3.1. By Proposition 3.10,
However, all terms are in R n . Therefore, this difference is in γ n−1 L k ∩ R n = I k by Corollary 3.9. The result follows.
Constructing equivariant Lubin-Tate spectra
In this section, we prove Theorems 1.1, 1.2, and 1.3. To do so, we first construct a formal group law Γ h of height h = 2 n−1 m, together with a universal deformation F h of Γ h . This data specifies a Lubin-Tate spectrum E(k, Γ h ). The formal group law Γ h comes with an obvious action of
By the Goerss-Hopkins-Miller theorem, this gives rise to an action of G(k, m) on our Lubin-Tate theory E(k, Γ h ) by maps of E ∞ -ring spectra. We then promote our spectrum E(k, Γ h ) to a C 2 n -spectrum and show that as a C 2 n -spectrum, E(k, Γ h ) has an equivariant orientation in the sense that there is a C 2 n -equivariant map M U ((C 2 n )) −→ E(k, Γ h ) that classifies F h on underlying homotopy groups. 4.1. The formal group law Γ h and its universal deformation. Let h = 2 n−1 m. Consider the functor from the category of perfect fields of characteristic 2 to the category of complete local rings which takes k to the ring
, . . . , C 2 n · t C 2 n m−1 , C 2 n · (u − γ n u)). Here, |t C 2 n i | = 2(2 i − 1) for 1 ≤ i ≤ m − 1 and |u| = 2. In the notation for R(k, Γ h ), Γ h is a place holder for now but we will soon define it to be a formal group law over R(k, Γ h )/m.
There is an action of the group G(k, m) on the ring R(k, Γ h ). To describe this action, note that there is an action of C 2 n on R(k, Γ h ) by W (k)-linear maps, determined by
The Galois group Gal = Gal(k/F 2 ) also acts on R(k, Γ h ) via its action on the coefficients W (k). Lastly, the group k × [q] for q = 2 m − 1 acts on R(k, Γ h ) by
for every ζ ∈ k × [q] and 1 ≤ i ≤ m − 1. All together, these three actions combine to give an action of the group G(k, m) on R(k, Γ h ). Let R per n (k) m be as in (2.6). There is a G(k, m)-equivariant ring homomorphism
determined by sending For i ≥ 1 and 1 ≤ r ≤ n, we also denote v i and t C 2 r i for their images in R(k, Γ h ) under the map f . Let I h ⊂ R(k, Γ h ) be the ideal
For 1 ≤ r ≤ n, let I C 2 r denote the ideal I C 2 r = (2, C 2 r · t C 2 r 1 , . . . , C 2 r · t C 2 r 2 n−r m−1 , C 2 r · (t C 2 r 2 n−r m − γ r t C 2 r 2 n−r m )). More explicitly, we have
)) I C 2 n = (2, C 2 n · t C 2 n 1 , . . . , C 2 n · t C 2 n m−1 , C 2 n · (t C 2 n m − γ n t C 2 n m )) By Proposition 3.6, we have the equality
In the next results, we prove that m = I C 2 n = I C2 . It is clear from Theorem 3.1 that we have the following chain of inclusions:
Proposition 4.2. The ideals m and I C 2 n are equal in R(k, Γ h ).
Proof. Since t C 2 n m = u 2 m −1 , we have the equality
Since 2 ∈ m by Remark 4.1, this proves the claim. Proof. We will use downward induction on i. The base case, when i = n, is immediate because the elements C 2 n · t C 2 n m are invertible in R(k, Γ h ) and the elements C 2 n · t C 2 n k are identically zero for k > m. Now, suppose we have proven the claim for i, where 1 < i ≤ n. More specifically, suppose we have proven that the images of the elements C 2 i · t C 2 i 2 n−i m are invertible in R(k, Γ h ) and the images of the elements C 2 i · t C 2 i k are zero modulo I h for 2 n−i m < k ≤ h. Theorem 3.1 and the fact that 2 n−(i−1) m ≤ h implies that
. This is because every other term in the first line of the equation has a factor in the set C 2 i · t C 2 i k , 2 n−i m < k ≤ h, which is zero modulo I h by the induction hypothesis. Since γ i t
by the induction hypothesis and
Again, using the fact that the elements C 2 i ·t C 2 i k are zero modulo I h for 2 n−i m < k ≤ h, every term in this sum vanishes modulo I h . This completes the induction step.
By letting i = C 2 in Proposition 4.3 and using Proposition 3.6, we obtain the following corollary. Proof. By Proposition 3.6 and Proposition 4.2, it suffices to prove that I C2 = I C 2 n . We will prove that I C2 = I C 2 r for all 1 ≤ r ≤ n by using induction on r. The base case, when r = 1, is trivial.
Let 1 < r ≤ n and suppose we have shown that
For simplicity of notations, let k := 2 n−r m. Consider the ideals
)),
. . , C 2 r · t C 2 r i−1 ) = I C2 + (2, C 2 r · t C 2 r 1 , . . . , C 2 r · t C 2 r i−1 ). Note that the equality holds because of our inductive hypothesis. Also, by Proposition 3.8, the ideal J i is γ r -invariant and
We will use downward induction on i to show that the elements {C 2 r · t C 2 r i , . . . , C 2 r · t C 2 r k−1 } are in the ideal J i for all 1 ≤ i ≤ k − 1. In particular, at i = 1, this will imply that the elements {C 2 r · t C 2 r 1 , . . . , C 2 r · t C 2 r k−1 } are in the ideal J 1 = I C 2 r−1 = I C2 .
The base case, when i = k − 1, is proven as follows. By Theorem 3.1, we have the formulas
. Substituting this into the second equation and using the fact that t C 2 r−1 2k−1 ∈ I C2 from Proposition 4.3 yields the relation
By Proposition 4.3, the element (t C 2 r k ) 2 k−1 is a unit in R(k, Γ h ). Since γ r t C 2 r k (t C 2 r k−1 ) 2 k −1 ∈ m, the sum (t C 2 r k ) 2 k−1 + γ r t C 2 r k (t C 2 r k−1 ) 2 k −1 is a unit in R(k, Γ h ). Therefore, t C 2 r k−1 ≡ 0 (mod J k−1 ). By Proposition 3.8, the ideal J k−1 is γ r -invariant. It follows from this that all the elements C 2 r · t C 2 r k−1 are in J k−1 . This proves the base case of the induction. Suppose we have proven the claim for i + 1 ≤ k − 1. To prove the claim for i, it suffices to show that the elements C 2 r · t C 2 r i are in the ideal J i . Once we have established this, it will follow from the induction hypothesis that all the elements in {C 2 r · t C 2 r i , . . . , C 2 r · t C 2 r k−1 } are also in the ideal J i . Indeed, the induction hypothesis implies that the elements {C 2 r · t C 2 r i+1 , . . . , C 2 r · t C 2 r k−1 } are in the ideal J i+1 and J i+1 = J i + (C 2 r · t C 2 r i ). By Theorem 3.1, we have
By Theorem 3.1 again, we have
where the second equality uses Proposition 4.3. Since the induction hypothesis implies that t
Substituting Equation (4.2) into Equation (4.3), we obtain the equality
Here,
This makes sense because each of the elements in C 2 r · t C 2 r i+1 , . . ., C 2 r · t C 2 r k−1 is divisible by t C 2 r i modulo J i . Indeed, t C 2 r i ≡ γ r t C 2 r i modulo J i as shown above and the elements C 2 r · t C 2 r i+1 , . . ., C 2 r · t C 2 r k−1 are in J i+1 by the induction hypothesis. So,
The last equality holds because t C 2 r k is a unit in π * E h and t C 2 r i · x ∈ m. This implies that t C 2 r i ≡ 0 (mod J i ). Since the ideal J i is γ r -invariant by Proposition 3.8, all of the elements C 2 r · t C 2 r i are in J i . This finishes the induction step. When i = 1, the elements {C 2 r · t C 2 r 1 , . . . , C 2 r · t C 2 r k−1 } are all in J 1 = I C2 . Applying Theorem 3.1 produces the relation
and the elements C 2 r · (t C 2 r k − γ r t C 2 r k ) are in I C2 . It follows that I C 2 r = I C2 . This completes the induction step.
Theorem 4.6. The formal group law (K,ū, Γ h ) has height h. Furthermore, the formal group law (R(k, Γ h ), u, F h ) is a universal deformation of (K,ū, Γ h ) and
where G(k, m) is defined as in (2.5).
Proof. The maximal ideal m ⊆ R(k, Γ h ) has Krull dimension h. In particular, the regular sequence of elements This concludes the algebra needed to establish Theorem 1.1.
4.2.
The associated Lubin-Tate spectrum. In this section, we turn to study the Lubin-Tate spectrum E(k, Γ h ) and prove Theorem 1.3. We will also prove that the fixed point spectrum E(k, Γ h ) hC(k,m) of E(k, Γ h ) by a subgroup C(k, m) ⊂ G(k, Γ h ) of order coprime to 2 also admits a C 2 n -equivariant orientation.
First, by the Landweber exact functor theorem and the Goerss-Hopkins-Miller theorem, we have the following result. This finishes the proof of Theorem 1.1. We can now also prove Theorem 1.2.
Proof of Theorem 1.2. We will now prove Theorem 1.2. Let γ = γ n . For 1 ≤ i < m and 0 ≤ r ≤ 2 n−1 − 1, let γ r τ i = γ r (t C 2 n i u 1−2 i ). Then γ(γ r−1 τ i ) = γ r τ i 0 < r < 2 n−1 , τ i r = 2 n−1 .
which proves the claim. The action of C(k, m) is clear from the definition of the τ i s.
Theorem 4.7 implies that E(k, Γ h ) has an action of G(k, m) by maps of E ∞ -ring spectra. Before promoting E(k, Γ h ) to an equivariant spectrum, we will prove a splitting result.
Theorem 4.8. Let
There is a G(k, m)-equivariant map
Proof. In this proof, let E = E(k, Γ h ), G = G(k, Γ h ) and S = S(k, Γ h ). Note that the group k × [q] is cyclic. Let ℓ be its order and ζ be a generator so that ζ ℓ = 1. Define
Let ε −1 E be the telescope of ε. Note that since any elements of Gal permutes the set {ζ i } ℓ−1 i=0 , ε commutes with the action of Gal. Similarly, ε commutes with the action of C 2 n and k × [q]. Therefore, G(k, m) acts on ε −1 E and the map
is a G(k, m)-equivariant map which is an isomorphism on homotopy groups. This can be verified by using the collapse of the homotopy fixed points spectral sequence for E hk × [q] . Therefore, the composite is a G(k, m)-equivariant equivalence. Now, note that E hC(k,m) ≃ (E hk × [q] ) hGal . By [BG18, Lemma 1.37], there is a Gal-equivariant equivalence
This is shown by first proving that the composite
obtained by the natural maps followed by multiplication is a weak equivalence, and then appealing to the Gal-equivariant equivalence
However, note that the latter map is a G(k, m)equivalence if we equip both spectra with trivial C 2 n × k × [q]-actions. Furthermore, (4.4) is also a G(k, m)-equivariant map. Therefore, the equivalence
is G(k, m)-equivariant. It follows that E hC(k,m) splits off equivariantly from E hk × [q] , hence from E.
We will now upgrade E(k, Γ h ) to a commutative C 2 n -spectrum. By Theorem 4.7, we may view E(k, Γ h ) as a commutative ring object in naive C 2 n -spectra. The functor X −→ F (EC 2 n + , X) takes naive equivalences to genuine equivariant equivalences, and hence allows us to view E(k, Γ h ) as a genuine C 2 n -equivariant spectrum.
The commutative ring spectrum structure on E(k, Γ h ) gives rise to an action of a trivial E ∞ -operad on F (EC 2 n + , E(k, Γ h )). Work of Blumberg-Hill [BH15] shows that this is sufficient to ensure that F (EC 2 n + , E(k, Γ h )) is a genuine equivariant commutative ring spectrum (see also [HM17, Section 2.2]). Therefore, by passing to the cofree localizations, we may view E(k, Γ h ) and E(k, Γ h ) hC(k,m) as commutative C 2 n -spectra.
Proof of Theorem 1.3. The Real orientation theorem of [HS17] implies that the complex orientation
. The 2-typical nature of our formal group laws imply that these maps factor through BP = i * e BP R and BP R respectively. Applying the norm functor to the maps
) and post-composing with the counit map of the norm-restriction adjunction gives maps
. By construction, π e * φ is the map f : R n −→ R(k, Γ h ) defined in (4.1). Now, suppose k × [q] has e elements, where 1 ≤ e ≤ 2 m − 1 = q. It follows from the description of the G(k, m)-action on π * E(k, Γ h ) (Theorem 1.1) that
, . . . , C 2 n · t C 2 n m−1 , C 2 n · (t C 2 n m − γ n t C 2 n m )). Furthermore, the homotopy fixed points spectral sequence E s,t 2 = H s (C(k, m), π t E(k, Γ h )) =⇒ π t−s E(k, Γ h ) hC(k,m) has the property that E >0, * 2 = 0. This follows from the fact that the action of Gal on π * E(k, Γ) is free, and that the order of k × [q] is odd. Therefore, the homotopy fixed points spectral sequence collapses and we have the following result. Proposition 4.9. There is an isomorphism
, . . . , C 2 n · t C 2 n m−1 , C 2 n · (u e − γ n u e )). If e = q, then u e = u 2 m −1 = t C 2 n m . On the underlying homotopy groups, the map
is not a ring map, but it is a C 2 n -equivariant map that sends t C 2 n i → t C 2 n i for 1 ≤ i ≤ m − 1, and u e → u e .
For simplicity, for our next theorem we will choose our field k so that k × [q] has (2 m − 1)-elements.
Theorem 4.10. There is a C 2 n -equivariant homotopy commutative ring map
such that the map π e * ψ is the map R n −→ π e * E(k, Γ h ) hC(k,m) determined by
Proof. Consider the splitting map
in Theorem 4.7. Although this map is not a ring map, it is still a C 2 n -equivariant map and hence induces a map (4.5)
of C 2 -equivariant homotopy fixed points spectral sequences. On the other hand, we also have the map
which is a map of commutative C 2 n -spectra. This map induces a map (4.6)
The composition map of spectral sequences
is the identity map. By Theorem 1.1, and [HM17, Theorem 4.7], the E 2 -page of the RO(C 2 )-graded C 2 -homotopy fixed points spectral sequence for E(k, Γ h ) is
2σ , a σ ]/(2a σ ). By Proposition 4.9, the E 2 -page of the RO(C 2 )-graded C 2 -homotopy fixed points spectral sequence for E(k, Γ h ) hC(k,m) is
The map (4.6) induces an injection on the E 2 -page. Hahn-Shi [HS17, Theorem 1.2] have completely computed all the differentials in C 2 -HFPSS(E(k, Γ h )). By natuality of the maps (4.5) and (4.6), we deduce that the map
also induces injections on the set of differentials on each page. More specifically, for any nonzero differential d r (x) = y in C 2 -HFPSS(E(k, Γ h ) hC(k,m) ), its image in C 2 -HFPSS(E(k, Γ h )) is also the nonzero differential d r (x) = y.
As a consequence, we deduce that π C2 kρ2−1 (E(k, Γ h ) hC(k,m) ) = 0 for all k ∈ Z (this is because π C2 kρ2−1 (E(k, Γ h )) = 0 for all k ∈ Z). By [HM17, Lemma 3.3], the spectrum i * C2 E(k, Γ h ) hC(k,m) is Real orientable, and we obtain a homotopy commutative ring map
hC(k,m) and using the norm-forget adjunction produces the homotopy commutative ring maps
The map π e * ψ is determined by the C 2 n -action on the formal group law over π e * E(k, Γ h ) hC(k,m) defined via the map BP * −→ π e * E(k, Γ h ) hC(k,m) . By construction, it is the map we claimed in the statement of the theorem.
Equivariant orientation and localization
In this section, we prove Theorem 1.4. Throughout this section we will denote the group C 2 n by G and the Lubin-Tate theory E(k, Γ h ) by E h . Theorem 1.4 is a direct consequence of the following theorem. 5.1. Identifying D. We will now specify the element D ∈ π G ⋆ M U ((G)) so that Theorem 5.1 holds. In what follows, we let ρ G be the real regular representation of G and we abbreviate ρ 2 n = ρ C 2 n . By [HHR16, Section 5] and [HS17, Theorem 6.7], the spectra i * C2 M U ((G)) , i * C2 BP ((G)) , and i * C2 E h are strongly even, which means in particular that the restriction maps π C2 * ρ2 (−) −→ π e 2 * (−) from the ( * ρ 2 )-graded C 2 -equivariant homotopy groups to the non-equivariant homotopy groups are isomorphisms. Therefore, we know the homotopy groups of π C2 * ρ2 M U ((G)) , π C2 * ρ2 BP ((G)) , and π C2 * ρ2 E h completely. They are
, . . . , C 2 n ·t C 2 n m−1 , C 2 n · (ū − γ nū )) = (C 2 n ·t C 2 n 1 , . . . , C 2 n ·t C 2 n m−1 , C 2 n · (t m − γ ntm )). The following proposition gives a criterion to identify elements in π G * ρG M U ((G)) that becomes invertible under the induced map π G * ρG M U ((G)) −→ π G * ρG E h of G-equivariant homotopy groups. The same result holds for BP ((G)) as well.
Proposition 5.4. If the element x ∈ π C2 * ρ2 M U ((G)) becomes invertible under the map π C2 * ρ2 M U ((G)) −→ π C2 * ρ2 E h of C 2 -equivariant homotopy groups, then the element N G C2 (x) ∈ π G * ρG M U ((G)) also becomes invertible under the map π G * ρG M U ((G)) −→ π G * ρG E h of G-equivariant homotopy groups.
Proof. Let the image of x under the map π C2 * ρ2 M U ((G)) −→ π C2 * ρ2 E h be y. We will prove that the image of N G C2 (x) under the map π G * ρG M U ((G)) −→ π G * ρG E h is N G C2 (y), which is invertible. We will denote the slice spectral sequence and the homotopy fixed points spectral sequence by SliceSS(−) and HFPSS(−), respectively. Consider the maps C 2 -SliceSS(M U ((G)) ) −→ C 2 -HFPSS(M U ((G)) ) −→ C 2 -HFPSS(E h ) of RO(C 2 )-graded of spectral sequences. The element x is represented by a class on the E 2 -page of C 2 -SliceSS(M U ((G)) ), which, by an abuse of notation, will also be denote by x. On the E 2 -page, the maps of spectral sequences above sends
x −→ x ′ −→ y, where x ′ and y are classes on the E 2 -page of C 2 -HFPSS(M U ((G)) ) and the E 2 -page of C 2 -HFPSS(E h ), respectively. Since x is a permanent cycle, x ′ and y are also permanent cycles. The element y survives to become the element which, again, we also call y ∈ π C2 * ρ2 E h in homotopy. Now, consider the maps G-SliceSS(M U ((G)) ) −→ G-HFPSS(M U ((G)) ) −→ G-HFPSS(E h ) of RO(G)-graded spectral sequences. On the E 2 -page, the class N G C2 (x) is first mapped to N G C2 (x ′ ), and then mapped to N G C2 (y). This is because the second map on the E 2 -page is completely determined by the G-equivariant map π e * M U ((G)) −→ π e * E h . The classes N G C2 (x), N G C2 (x ′ ), and N G C2 (y) are permanent cycles, and they all survive to the E ∞ -page. It follows that as elements in the G-equivariant homotopy groups π G * ρG (−), N G C2 (x) −→ N G C2 (y) under the map π G * ρG M U ((G)) −→ π G * ρG E h .
We will now specify the element D ∈ π G ⋆ M U ((G)) so that properties (1)-(3) in Theorem 5.1 holds. Our method is as follows: first, we will identify elements x ∈ π C2 * ρ2 BP ((G)) that becomes invertible under the map π C2 * ρ2 BP ((G)) −→ π C2 * ρ2 E h . By Proposition 5.4, the elements N G C2 (x) ∈ π G * ρG BP ((G)) (formed by considering x as elements in π C2 * ρ2 M U ((G)) under the map π C2 * ρ2 BP ((G)) −→ π C2 * ρ2 M U ((G)) ) will also become invertible in π G * ρG E h under the map π G * ρG BP ((G)) −→ π G * ρG E h . We will define D := N G C2 (x) to be the product of the elements N G C2 (x).
Proposition 5.5. The images of the elementst C 2 i 2 n−i m ∈ π C2 * ρ2 BP ((G)) for 1 ≤ i ≤ n are invertible in π C2 * ρ2 E h . Proof. This is an immediate consequence of Proposition 4.3.
Proof of Theorem 5.1. Proposition 5.5 shows that we can include the product n i=1 N G C2 (t C 2 i 2 n−i m ) = N G C2 (t C2 2 n−1 m ) · N G C2 (t C4 2 n−2 m ) · · · N G C2 (t C 2 n m ) into D. By the arguments in [HHR16, Section 9] and [HHR16, Section 10], inverting these elements will produce periodicity and homotopy fixed points theorems for the spectra D −1 M U ((G)) , D −1 BP ((G)) , and their quotients. Therefore properties (1) and (2) of Theorem 5.1 hold. Now, we will include elements into D so that property (3) holds. We will describe an iterative algorithm to accomplish this. In the proof of Proposition 4.5, we used induction on n to show that I C2 = I C 2 n in π * E h . For each step of the induction process, we defined intermediate ideals J i ⊂ π e * BP ((G)) and used downward induction on i to show that certain elements are in the images of ideals J i in π * E h .
In the argument of the downward induction, we identified certain elements in π e * BP ((G)) that become invertible in π * E h . For instance, the elements (t C 2 r k ) 2 k−1 + γ r t C 2 r k (t C 2 r k−1 ) 2 k −1 and (t C 2 r k ) 2 i + t C 2 r i · x are such elements (see the proof of Proposition 4.5). Our algorithm is as follows: everytime we identify such an element t ∈ π e * BP ((G)) , include N G C2 (t) into the product defining D, wheret ∈ π C2 * ρ2 BP ((G)) is the (unique) C 2 -equivariant lift of t. For the two elements mentioned above, we will include N G C2 ((t C 2 r k ) 2 k−1 + γ rt C 2 r k (t C 2 r k−1 ) 2 k −1 ) and N G C2 ((t C 2 r k ) 2 i +t C 2 r i ·x)
into the product. Including all such elements to the product defining D will guarantee that the proof for I C2 = I C 2 n will carry through in π e * D −1 BP ((G)) as well. This proves property (3). . 5.2. Morava K-theory. Classically, the Morava K-theory spectrum K(k, Γ h ) can be obtained from Morava E-theory E(k, Γ h ) by taking a quotient with respect to the regular (p, v 1 , . . . , v n−1 ). Such techniques are more subtle in the category of C 2 n -spectra so we proceed slightly differently.
Let h = 2 n−1 m, fix a field finite unramified extension k of F 2 and let E h = E(k, Γ h ). Let S 0 [x 1 , . . . ,x m ] be as in [HHR16, Section 2.4.1] for
Let
A := S 0 [G ·x 1 , . . . , G ·x m ] := N C 2 n C2 S 0 [x 1 , . . . ,x m ]. The sphere spectrum is an A-algebra via the augmentation A −→ S 0 . The composite
gives E h the structure of an associative A-algebra. We let
For the classes γ rx i ∈ π C2 * ρ2 A where 0 ≤ r ≤ 2 n−1 − 1, we have that
m +t m r = 2 n−1 − 1. From this, we compute that
It follows thatm is in the kernel of the natural map π C2 * ρ2 E h −→ π C2 * ρ2 K h .
